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E-mail address: guojunhong114015@163.com (J.-HBased on the complex variable method and the technique of conformal mapping, the anti-plane problem
of two asymmetrical edge cracks emanating from an elliptical hole in a piezoelectric material is studied.
The exact solutions of ﬁeld intensity factors and energy release rate are presented in closed-form with the
assumption that the surfaces of the cracks and the elliptical hole are electrically impermeable. With the
variation of the hole-size and the crack length, the present results can be reduced to the cases of two sym-
metrical edge cracks and a single edge crack emanating from a circular hole given by Wang and Gao
[Wang, Y.J., Gao, C.F., 2008. The mode III cracks originating from the edge of a circular hole in a piezoelec-
tric solid. International Journal of Solids and Structures 45, 4590–4599]. Moreover, new models used for
simulating more practical defects in a piezoelectric solid are obtained, such as two symmetrical edge
cracks and a single edge crack emanating from an elliptical hole, two asymmetrical edge cracks emanat-
ing from a circular hole, T-shaped crack, cross-shaped crack and semi-inﬁnite plane with an edge crack.
Numerical examples are then conducted to reveal the effects of the hole-size and the crack length on the
ﬁeld intensity factors and the energy release rate.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric materials have been widely used as transducers
and sensors due to their intrinsic electro-mechanical coupling
behaviors. However, the inherent brittle weakness of piezoelectric
materials easily leads to cracking or generating defects during the
materials processing, manufacturing and subjected to the strong
electro-mechanical loading. The crack problems in brittle piezo-
electric materials under anti-plane shear loading have attracted
much attention in recent years (Pak, 1992; Shindo et al., 1996,
1997; Yang and Kao, 1999; Zhou et al., 2003, 2009; Li and Lee,
2004, 2005, 2009a,b; Zhang and Gao, 2004; Zhong and Li, 2005;
Dyka and Rogowski, 2006; Wang and Gao, 2008). So far, investiga-
tions have been conﬁned to the relatively simple and classical
cracks. As a matter of fact, there exist many kinds of complicated
ﬂaws or defects during manufacture and service of the holed struc-
tures, e.g., cracks originating from an elliptical hole or circular hole,
T-shaped crack, cross-shaped crack, etc. Recently, Wang and Gao
(2008) solved the two symmetrical cracks and a single crack orig-
inating from the edge of a circular hole in a piezoelectric solid by
introducing conformal mapping (Bowie, 1956), and presented the
exact solutions of the ﬁeld intensity factors and the energy release
rate. For the cases of two asymmetrical cracks at the edge of anll rights reserved.
x: +86 10 8232 8501.
. Guo).elliptical hole and circular hole, as far as we know, the correspond-
ing research in a piezoelectric solid is lacking. Thus, it is practical
and necessary to study the facture problem of two asymmetrical
edge cracks emanating from an elliptical hole. Moreover, it is also
very interesting and meaningful to present the explicit and exact
solutions in closed-form for the complicated crack problems, since
these solutions can provide the theoretical analysis for fracture
problems in piezoelectric materials, and can also serve as a bench-
mark for the purpose of judging the accuracy and efﬁciency of var-
ious numerical and approximate methods.
For the isotropic materials, many researchers focused on the
edge cracks emanating from an elliptical or circular hole in an inﬁ-
nite plate under tensile loading. Bowie (1956) gave numerical solu-
tions of a circular hole with a single edge crack and a pair of
symmetrical edge cracks in a plate under tension by using complex
variable method. Newman (1971) by means of the boundary collo-
cation method, and Murakami (1978) using the body force method
performed analysis for the plane problem of an elliptical hole with
symmetrical edge cracks under tension loading. Tweed and Rooke
(1973) used the Mellin transform technique to study the biaxial
tension of a branching crack emanating from a circular hole. Isida
and Nakamura (1980) analyzed a slant crack emanating from an
elliptical hole under uniaxial tension and shear at inﬁnity by using
the body force method. Using the boundary element method, Yan
(2006) solved the cracks emanating from an elliptical hole in an
inﬁnite or a ﬁnite plate under biaxial loads. However, the above
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problem. As far as the anti-plane problem is concerned, Sih (1965)
investigated two symmetrical edge cracks originating from a
circular hole using the mapping function method, and presented
the exact solution of the stress intensity factors. Yokobori et al.
(1971) addressed the exact solution of a single crack at the edge
of an elliptical hole by using stress function method. With the
Westergaard’s stress function method, Tada et al. (1973)
investigated the semi-inﬁnite plane with an edge crack, and pre-
sented the exact solution of the stress intensity factors at the crack
tip. For the case of two asymmetrical edge cracks emanating from
an elliptical hole, Murakami (1978) obtained the numerical solu-
tion of plane problem under tensile loads by using body force
method. However, for the anti-plane problem, no the exact solu-
tions of two asymmetrical edge cracks emanating from an elliptical
or circular hole has been presented until now, which can be mainly
attributed to the mathematical complexity. It is therefore the pur-
pose of this work to investigate the fracture problem of two asym-
metrical edge cracks emanating from an elliptical hole in a
piezoelectric material subjected to combined mechanical–electric
loading.
In fracture analysis of piezoelectricmaterials, there are two com-
mon used electric boundary conditions. The ﬁrst one was proposed
by Pak (1990) who ignored the electric ﬁeld inside the crack and as-
sumed the normal component of electric displacement along the
crack faces to be zero. The other, developed by Mikahailov and Par-
ton (1990), treated the crack as being electrically permeable. There
were two completely opposite opinions in existing literatures. How-
ever, Zhang andTong (1996) investigated theboundary conditionby
analyzing an elliptical cylinder cavity and found that the two com-
monly used boundary conditions are actually two limiting cases of
the exact boundary conditions when the cavity approaches a slit
crack. Since the electric ﬁeld exists in air and in vacuum, both the
geometry and size of the crack have a great inﬂuence on fracture
behaviors of piezoelectric materials (Zhang, 1994; Zhang and Tong,
1996). Subsequently, by treating ﬂaws in amedium as notches with
a ﬁnite width, Wang and Mai (2004) compared the results from dif-
ferent electrical boundary condition assumptions on the crack faces.
They found that the electrically impermeable boundary is reason-
able for engineering problems. Recently, based on the impermeable
electric boundary condition, Wang and Gao (2008) considered the
two symmetrical radial cracks and a single radial crack at the edge
of a circular hole in a piezoelectric solid; Li and Lee (2009a) studied
the effect of an imperfect interface on the fracture behavior of a lay-
ered piezoelectric sensor by the method of Fourier integral trans-
form and Cauchy singular integral equation.
In this paper, we consider the anti-plane problem of two asym-
metrical edge cracks emanating from an elliptical hole in a trans-
versely isotropic piezoelectric solid under the impermeable
electric boundary condition by developing a new conformal map-
ping which is a transcendental function. In addition, this work
mainly concentrates on the explicit and closed-form solutions of
the complicated defects in a piezoelectric material. These exact
solutions may be useful to test the validity of various analysis ap-
proaches or assumptions for the more complicated crack problems
in the piezoelectric materials. Furthermore, in the absence of the
electric load at inﬁnity, the exact solutions of the ﬁeld intensity
factors presented in this paper can be degenerated into the corre-
sponding results of isotropic materials.2. Basic formulation
In a rectangular coordinate system, xi(i = 1, 2, 3), considering a
transversely isotropic piezoelectric solid with the poling direction
along the positive x3 axis and the isotropic plane in the x1–x2 plane,the constitutive equation can be given as (Pak, 1990; Zhang and
Gao, 2004)
rij ¼ Cijklskl  elijEl; Di ¼ eiklskl þ eilEl ð1Þ
in which the repeated indices denote summation; Cijkl is the elastic
stiffness tensor, elij is the piezoelectric tensors, eil is the dielectric
permittivity, rij is the stress component and Di represents the elec-
tric displacement. The strain component skl and the electrical ﬁeld
component El can be expressed as
sij ¼ ðui;j þ uj;iÞ=2; Ei ¼ u;i ð2Þ
where a comma in the subscripts stands for a partial differentiation;
ui and u denote the elastic displacement and the electric potential,
respectively.
Anti-plane problem is relatively simple and the solutions in an
explicit and closed-form can easily provide the physical insights
into the fracture behaviors of piezoelectric materials, therefore,
this work considers the electro-elastic problem of a mode III crack
in the isotropic plane. For the two-dimensional anti-plane defor-
mation, all the physical quantities can be determined by out-plane
displacement u3(x1, x2) and in-plane electric potential u(x1, x2), that
s11 ¼ s22 ¼ s33 ¼ s12 ¼ 0; E3 ¼ 0 ð3Þ
In this case, Eq. (1) reduces to
r3k ¼ c44u3;k þ e15u;k; Dk ¼ e15u3;k  e11u;k ðk ¼ 1;2Þ ð4Þ
The general solution of Eqs. (1)–(4) can be expressed by the gener-
alized displacement u and the stress function /, as (Zhang and Gao,
2004)
u ¼ AfðzÞ þ AfðzÞ; u ¼ ðu3;uÞT ð5Þ
/ ¼ BfðzÞ þ BfðzÞ; z ¼ x1 þ ix2 ð6Þ
where f(z) is an unknown complex vector; the overbar stands for
the conjugate of a complex number; A and B stand for the material
constant matrices, which are deﬁned as
A ¼ I; B ¼ iB0; B0 ¼
c44 e15
e15 e11
 
ð7Þ
where I is a 2  2 unit matrix.
Once the complex potential is obtained under the given bound-
ary conditions, all the ﬁelds can be determined by
ðr31;D1ÞT ¼ /;2; ðr32;D2ÞT ¼ /;1; u;1 ¼ E1; u;2 ¼ E2
ð8Þ3. Conformal mapping and exact solutions
Consider two asymmetrical edge cracks emanating from an
elliptical hole in an inﬁnite piezoelectric solid, as shown in Fig. 1.
Using the technique of conformal mapping and complex variable
method, the ﬁeld intensity factors and the energy release rate un-
der remotely uniform in-plane electric and anti-plane mechanical
loading are obtained as follows.
3.1. Conformal mapping function
In this case, the potential vector has the form of (Zhang and Gao,
2004; Wang and Gao, 2008)
fðzÞ ¼ c1zþ f0ðzÞ ð9Þ
in which c1 is a complex constant related to the remote loading
conditions, z = x1 + ix2(i =
ﬃﬃﬃﬃﬃﬃﬃ
1
p
), and f0(z) is an unknown complex
function, which vanishes at inﬁnity, i.e., f0(1) = 0. Differentiating
equations (5) and (6) with respect to x1 gives
Fig. 1. Two asymmetrical edge cracks emanating from an elliptical hole in an
inﬁnite piezoelectric solid.
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/;1 ¼ BFðzÞ þ BFðzÞ ð11Þ
where F(z) = df(z)/dz. Substituting Eq. (9) into Eqs. (10) and (11),
and then taking z?1, yields
u1;1 ¼ Ac1 þ Ac1 ð12Þ
/1;1 ¼ Bc1 þ Bc1 ð13Þ
where
/1;1 ¼ r132;D12
 T
; u1;1 ¼ s131;E11
 T ð14Þ
The mechanical–electric boundary along the surfaces of cracks and
the elliptical hole can be expressed as
BfðzÞ þ BfðzÞ ¼
Z
s
tsds; ts ¼ ðt3;DnÞT ð15Þ
in which t3 and Dn represent the anti-plane shear traction and the
normal component of electric displacement along the boundary.
In general, the crack length is shorter than the hole-size, and the
electric ﬁelds inside the elliptical hole are smaller, so the assump-
tion of impermeable electric boundary condition is adopted (Wang
and Gao, 2008) in this work. Then, if the cracks and hole are free of
mechanical loads, Eq. (15) can be reduced to
BfðzÞ þ BfðzÞ ¼ 0 ð16Þ
Inserting Eq. (9) into Eq. (16) produces
Bf0ðzÞ þ Bf0ðzÞ ¼ ðBc1zþ Bc1zÞ ð17Þ
We develop a conformmapping function as follows (seen as Appen-
dix A)
z ¼ xðfÞ ¼ aþ b
2
lðfÞ þ a b
2
1
lðfÞ ð18Þ
where
lðfÞ¼

e1ð1þ fÞ2þe2ð1 fÞ2þ e211
 ð1þ fÞ4þ2ðe1e2þ1Þð1 f2Þ2h
þ e221
 ð1fÞ4i1=2	ð4fÞ ð19Þand
ei ¼
ðaþ LiÞ2 þ b2 þ abþ ðaþ LiÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2i þ 2aLi þ b2
q
ðaþ bÞ aþ Li þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2i þ 2aLi þ b2
q
  ði ¼ 1;2Þ ð20Þ
It can be shown that Eq. (18) provides a conformal mapping from
the outside region of the elliptical hole and cracks to the interior
of a unit circle in the f-plane, moreover, z = a + L1 =x(1).
In the f-plane, Eq. (17) can be rewritten as
Bf0ðrÞ þ Bf0ðrÞ ¼  Bc1xðrÞ þ Bc1xðrÞ
h i
ð21Þ
in which r is the point on the unit circle, and f0(r) = f0(x(r)) is de-
ﬁned. It can be found from Eq. (18) thatxðrÞ ¼ xðrÞ. Therefore, Eq.
(21) becomes
Bf0ðrÞ þ Bf0ðrÞ ¼ ðBc1 þ Bc1ÞxðrÞ ð22Þ
and by Eq. (13), one has from Eq. (22) that
Bf0ðrÞ þ Bf0ðrÞ ¼ /1;1xðrÞ ð23Þ
Taking Cauchy integral 12pi
R
s
dr
rf at the two sides of Eq. (23) re-
duces to
Bf0ðfÞ ¼ /1;1
1
2pi
Z
s
xðrÞ
r fdr; jfj < 1 ð24Þ
in which the condition that Bf0(f) is analytic in the exterior of a unit
circle is used.
Differentiating Eq. (24) with respect to f leads to
1
f2
BF0ðfÞ ¼ /1;1
1
2pi
Z
s
x0ðrÞ
r f dr ð25Þ
where F0(f) = df0(f)/df, and x
0
(f) can be obtained from Eq. (18) as
x0ðfÞ¼ ð1 f2Þ e1þe2þmn
 
aþb
8f2
þ 2ðabÞ
½e1ð1þ fÞ2þe2ð1 fÞ2þn2
( )
ð26Þ
where
m ¼ e21  1
 ð1þ fÞ2 þ 2ðe1e2 þ 1Þðf2 þ 1Þ þ e22  1 ð1 fÞ2
n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðe21  1Þð1þ fÞ4 þ 2ðe1e2 þ 1Þð1 f2Þ2 þ e22  1
 ð1 fÞ4q
ð27Þ
From Eq. (26), it can be found thatx
0
(f) is analytic in jfj > 1, and
continuous in jfjP 1. Hence, according to the Cauchy integral for-
mula for inﬁnite region, one has
1
2pi
Z
s
x0ðrÞ
r f dr ¼
ðaþ bÞðe1 þ e2Þ
4
ð28Þ
where e1 and e2 are determined by Eq. (20).
Substituting Eq. (28) into Eq. (25), one ﬁnds
BF0ðfÞ ¼ ðaþ bÞðe1 þ e2Þ
4f2
/1;1 ð29Þ3.2. Field intensity factors
The vector of ﬁeld intensity factors can be expressed in the f-
plane, as (Wang and Gao, 2008)
j3 ¼ ðkr; kDÞT ¼ 2
ﬃﬃﬃ
p
p
lim
f!1
BF0ðfÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x00ðfÞp ð30Þ
Inserting Eq. (29) into Eq. (30), and noting Eq. (14), one ﬁnally has
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ﬃﬃﬃ
p
p
2
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x00ð1Þp
r132
D12

 
ð31Þ
where x
00
(1) can be derived from Eqs. (26) and (27), as
x00ð1Þ ¼
ðe1 þ e2Þ ðaþ bÞ e1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e21  1
q 2
 ða bÞ
 
4 e21  1þ e1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e21  1
q  ð32Þ
On the other hand, Eq. (31) can be rewritten as
j3 ¼
ﬃﬃﬃ
p
p r132
D12

 
K ð33Þ
where K called for the coefﬁcient of ﬁeld intensity factors is deﬁned
as
K ¼ ðaþ bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e1 þ e2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 aþ be1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e21  1
q. r ð34Þ
Eq. (33) shows that the ﬁeld intensity factors of two asymmetrical
edge cracks emanating from an elliptical hole in a piezoelectric solid
are related to the applied mechanical/electric loading, and the coef-
ﬁcient of ﬁeld intensity factors K as well.
3.3. Energy release rate
Following the work of Pak (1990), the energy release rate equals
to the J-integral and it can be expressed as
J ¼ krks  kDkE
2
ð35Þ
where kr, kS, kD and kE are the singular factors of stress, strain, elec-
tric displacement and electric ﬁeld at the crack tip, respectively.
Using Eq. (4), one can ﬁnd that there is the following relationship
among them as
kr ¼ c44kS  e15kE; kD ¼ e15kS þ e11kE ð36Þ
Consequently, once kr and kD are obtained from Eq. (33), kS and kE
can be determined as
kS ¼ ðe15kD þ e11krÞ= e215 þ e11c44
 
;
kE ¼ ðc44kD  e15krÞ= e215 þ e11c44
  ð37Þ
Inserting Eqs. (36) and (37) into Eq. (35) results in
J ¼ p
2ðe215 þ e11c44Þ
e11r1232 þ 2e15r132D12  c44D122
 
K2 ð38Þ
where K is given by Eq. (34).
4. Discussions and results
The coefﬁcient of ﬁeld intensity factors, K, can be used to deter-
mine the ﬁeld intensity factors and the energy release rate of two
asymmetrical edge cracks emanating from an elliptical hole. Under
limiting conditions, many new conﬁgurations can be simulated
from the present results. Discussions in detail are given as follows.
(1) If the length of semiminor axis b tends to zero, using Eq. (20),
Eq. (34) reduces to
K ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2aþ L1 þ L2
2
r
ð39Þ
which is just the well-known result of a mode III crack in a piezo-
electric solid.
(2) If the crack length L2 approaches to L1, one ﬁnds from Eq.
(34) that K can be simpliﬁed asK ¼ ðaþ bÞ
ﬃﬃﬃﬃﬃ
e1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ be1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e21  1
q.r ð40Þ
which is the result of two symmetrical edge cracks emanating from
an elliptical hole in a piezoelectric solid. Especially, when the length
of semiminor axis b tends to the semimajor axis a, one obtains from
Eq. (40)
K ¼
ﬃﬃﬃ
a
p
1þ k1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ k1Þ4  1
1þ k1
s
ð41Þ
where k1 = L1/a. Eq. (41) shows the case of two symmetrical radial
cracks originating from the edge of a circular hole, which is identical
to the corresponding result given by Wang and Gao (2008). On the
other hand, the stress intensity factors consist with those of isotro-
pic materials (Sih, 1965) in the absence of the electric load at inﬁn-
ity. Then, from Eq. (40), we have K ¼ ﬃﬃﬃﬃﬃL1p as a tends to zero, which
stands for the case of symmetrical cross-shaped crack. The result
indicates that if the piezoelectric solid is subjected to uniform load-
ing along the y-axis or z-axis direction, the ﬁeld intensity factors at
the tip of the crack parallel to the x-axis are not inﬂuenced by the
crack parallel to the y-axis, which equal to the results of the Grifﬁth
crack in an inﬁnite solid due to its geometrical symmetry.
(3) When the length of semiminor axis b tends to the semimajor
axis a, Eq. (34) degenerates into
K ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ak1ðk1 þ 2Þ
p
ﬃﬃﬃ
2
p
ð1þ k1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21 þ 2k1 þ 2
1þ k1 þ
k22 þ 2k2 þ 2
1þ k2
s
ð42Þ
where k2 = L2/a. Eq. (42) gives the case of two asymmetrical radial
cracks originating from the edge of a circular hole, and furthermore,
it can be reduced to the result of a single crack originating from the
edge of a circular hole presented by Wang and Gao (2008), that is,
K ¼
ﬃﬃ
a
p ð2þk1Þﬃﬃ
2
p
ð1þk1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1ð2þk1Þ
1þk1
q
, when the left crack length L2 approaches to
zero.
(4) When the left crack length L2 tends to zero, one has that
e2? 1 from Eq. (20). In this case, Eq. (34) becomes
K ¼ ðaþ bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðe1 þ 1Þpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 aþ be1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e21  1
q. r ð43Þ
which is the result of a single edge crack emanating from an ellip-
tical hole. It can be found that the stress intensity factors are shown
to be excellent agreement with the results given by Yokobori et al.
(1971) under the purely mechanical loading at inﬁnity. Especially,
when the length of semimajor axis a tends to zero, Eq. (43)
produces
K ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bk3
2
1þ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k23 þ 1
q
0
B@
1
CA
vuuuut ð44Þ
where k3 = L1/b. Eq. (44) represents the result of the T-shaped crack,
and moreover, it can yield the result of a semi-inﬁnite plane with an
edge crack, i.e., K equals to
ﬃﬃﬃﬃﬃ
L1
p
as b?1.
(5) If the length of semimajor axis a tends to zero, from Eq. (34),
one ﬁnds
K ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bk3
2
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24 þ 1
k23 þ 1
s !vuut ð45Þ
where k4 = L2/b. Eq. (45) shows the result of asymmetrical cross-
shaped crack. The energy release rate of new special models men-
tioned above at the crack tip can be obtained by substituting K in
Eq. (38) with K derived from Eq. (40) and Eqs. (42)–(45).
Fig. 3. Variation of K with a ratio b/a.
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For the purpose of comparison with previous research (Wang
and Gao, 2008), we take PZT-5H as a model material with the fol-
lowing materials constants:
c44 ¼ 3:53 1010 N=m2; e15 ¼ 17:0 C=m2;
e11 ¼ 151 1010 C=ðVmÞ ð46Þ
in which N is the force in Newtons, C is the charge in coulombs, V is
the electric potential in volts and m is the length in meters.
To illustrate the effects of geometrical parameters and com-
bined mechanical and electric loadings on the ﬁeld intensity fac-
tors and the energy release rate, we make some numerical
analysis on the analytical expressions (34), (42), (45) and (38) with
some speciﬁc values, respectively. Details are given as follows:
Without considering the effect of
ﬃﬃﬃﬃ
ae
p ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃRþ Lp and ﬃﬃﬃﬃaep ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rþ L=2p on the ﬁeld intensity factors, Wang and Gao (2008) drew
their conclusion: the ﬁeld intensity factors of a single crack are lar-
ger than those of two cracks originating from a circular hole. In
fact, the ﬁeld intensity factors of two cracks are larger than those
of a single crack, because the coefﬁcient of ﬁeld intensity factors
g1(e) is larger than that of g2(e ) (Wang and Gao, 2008), but the va-
lue of
ﬃﬃﬃﬃ
ae
p ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃRþ Lp is much larger than that of ﬃﬃﬃﬃaep ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃRþ L=2p .
Consequently, a better understanding of the mechanics for compli-
cated defects such as cracks originating from an elliptical or circu-
lar hole in piezoelectric materials is presented in detail as follows.
Fig. 2 illustrates the coefﬁcient of ﬁeld intensity factors K in Eq.
(34), as a function of the right crack length L1 for a ﬁxed-size hole
of a = 0.01 m and b = 0.006 m by using the software of OriginPro
v7.5. The similar process of the numerical computations is done
in the following two-dimensional ﬁgures. It is found that the value
of K increases as L1 becomes large, and then levels off. In addition,
the value of K also increases as the left crack length L2 becomes
longer at a given right crack length, and gives the minimum value
for the case of L2 = 0. The result indicates that the increase of the
left crack length easily promotes the failure of materials at given
hole-size and the right crack length.
Fig. 3 shows the variation of Kwith the length of semiminor axis
b at given the length of semimajor axis a = 0.01 m and the right
crack length L1 = 0.005 m. It can be seen that in general cases, the
value of K decreases as the length of semiminor axis b increases,
indicating that the ﬁeld intensity factor for the case of circular hole
is smaller than that for the case of elliptical hole with b/a < 1.0, but
larger than that for the case of elliptical hole with b/a > 1.0.Fig. 2. Variation of K with a ratio L1/a.With the aid of the software of Wolfram Mathematica7, Fig. 4
gives the whole combined effects of the electro-mechanical cou-
pling behaviors on the energy release rate of two asymmetrical
edge cracks emanating from an elliptical hole at given a = 0.01 m,
b = 0.006 m, L1 = 0.005 m and L2 = 0.008 m. The inﬂuences of differ-
ent parameters on the energy release rate are presented in detail as
follows.
Supposing an elliptical hole of a = 0.01 m and b = 0.006 m, the
change of the energy release rate with the applied electric load is
depicted for the right crack length of L1 = 0.005 m and a given
mechanical load of r132 ¼ 6 MPa, as shown in Fig. 5, in which Jcr de-
notes the critical energy release rate and it is ﬁxed as Jcr = 5.0 N/m
to normalize the J (Pak, 1990). It is interesting to notice that the en-
ergy release rate can be positive or negative under combined
mechanical and electric load. For the positive value of the energy
release rate, the increase of the left crack length L2 leads to an in-
crease of the energy release rate in the interval [1.98e3,
7.76e3] for the electric displacement. The result shows that the
increase of the left crack length easily enhances the crack growth.
Therefore, both the theory of ﬁeld intensity factors and the energy
release rate can draw the same conclusion, which is expectable. For
the negative value of the energy release rate, the magnitude of the
energy release rate also increases as the left crack length becomes
longer in the interval (1, 1.98e3) or (7.76e3, +1). The result
indicates if the left crack length becomes small, the applied electric
load easily tends to close the crack. Moreover, for a given mechan-
ical load, the energy release rate decreases as the magnitude of theFig. 4. Effects of electro-mechanical coupling behaviors on the energy release rate
of two asymmetrical edge cracks emanating from an elliptical hole.
Fig. 5. Effect of applied electric load D12 on the energy release rate of two
asymmetrical edge cracks emanating from an elliptical hole at a given mechanical
load r132.
Fig. 7. Effect of the length of cracks on energy release rate of two asymmetrical
edge cracks originating from an elliptical hole at given mechanical load r132 and
electric load D12 .
Fig. 8. Effect of a ratio b/a on the energy release rate of two asymmetrical edge
cracks originating from an elliptical hole at given mechanical load r132 and electric
load D12 .
3804 J.-H. Guo et al. / International Journal of Solids and Structures 46 (2009) 3799–3809applied negative electric ﬁeld increases. In contrast, the energy
release rate increases as the applied positive electric ﬁeld increases
from zero, and reaches peak values of 4.01, 4.30 and 4.57 for the
cases of L2 = 0.0 m, L2 = 0.005 m and L2 = 0.008 m, respectively, at
the same symmetric axis where D12 ¼ 2:89e3 C/m2. The energy
release rate then declines as the applied positive electric ﬁeld fur-
ther increases. The results show that at a given mechanical load,
the negative electric ﬁeld always retards crack growth, while the
positive electric ﬁeld can either enhance or retard crack propaga-
tion, which is dependent on the strengths of the applied electric
ﬁeld and the level of the mechanical load as well.
Fig. 6 shows the variation of the energy release rate with the ap-
plied mechanical load under given electric ﬁeld D12 ¼ 2e 3C=m2,
elliptical hole of a = 0.01 m and b = 0.006 m, and the right crack
length of L1 = 0.005 m. It can be observed that the energy release
rate increases as the applied mechanical load, since the applied
mechanical load always promotes crack propagation.
The relationship between the energy release rate and geometry
parameters is exhibited in Figs. 7 and 8, respectively, under a given
combined mechanical and electric load. It is noticed that the in-
crease of L1 results in an increase of the energy release rate, while
the increase of b leads to a decrease of the energy release rate.Fig. 6. Effect of applied mechanical load r132 on the energy release rate of two
asymmetrical edge cracks emanating from an elliptical hole at a given electric load
D12 .In an analogous manner, Fig. 9 shows the overall effects of the
electro-mechanical coupling behaviors on the energy release rate
of two asymmetrical edge cracks emanating from a circular holeFig. 9. Effects of electro-mechanical coupling behaviors on the energy release rate
of two asymmetrical edge cracks emanating from a circular hole.
Fig. 12. Effect of applied mechanical load r132 on the energy release rate of two
asymmetrical edge cracks originating from a circular hole at a given electric load
D12 .
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L1 = 0.005 m and L2 = 0.008 m. The curves of the ﬁeld intensity fac-
tors and the energy release rate are also plotted for the case of two
asymmetrical edge cracks originating from a circular hole, as
shown in Figs. 10–13, and the similar results can be found. Com-
paring Fig. 5 with Fig. 11, it can be also found that the energy re-
lease rate of a circular hole with edge cracks is smaller than that
of an elliptical hole with edge cracks with b/a < 1.0.
Finally, Fig. 14 displays the overall effects of the electro-
mechanical coupling behaviors on the energy release rate of asym-
metrical cross-shaped crack under given b = 0.01 m, L1 = 0.005 m
and L2 = 0.008 m. In addition, Fig. 15 and Figs. 16–18 show the var-
iation of the ﬁeld intensity factors and the energy release rate for
the case of asymmetrical cross-shaped crack, respectively. It can
be observed that the curves of ﬁeld intensity factors and the energy
release rate for asymmetrical cross-shaped crack are similar to
those for the case of two asymmetrical edge cracks emanating from
an elliptical hole or circular hole. The differences between them are
that the ﬁeld intensity factors and the energy release rate for asym-
metrical cross-shaped crack are smaller than those for two asym-
metrical edge cracks emanating from an elliptical or circular hole.Fig. 10. Variation of K with a ratio L1/a.
Fig. 11. Effect of applied electric load D12 on the energy release rate of two
asymmetrical edge cracks emanating from a circular hole at a given mechanical
load r132.
Fig. 13. Effect of the length of cracks on the energy release rate of two
asymmetrical edge cracks emanating from a circular hole at given mechanical load
r132 and electric load D
1
2 .
Fig. 14. Effects of electro-mechanical coupling behaviors on the energy release rate
of an asymmetrical cross-shaped crack.
Fig. 15. Variation of K with a ratio L1/b.
Fig. 16. Effect of applied electric load D12 on the energy release rate of asymmetrical
cross-shaped cracks at a given mechanical load r132.
Fig. 17. Effect of applied mechanical load r132 on the energy release rate of
asymmetrical cross-shaped cracks at a given electric load D12 .
Fig. 18. Effect of a ratio L1/b on the energy release rate of asymmetrical cross-
shaped cracks at given mechanical load r132 and electric load D
1
2 .
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By using complex variable method and the technique of confor-
mal mapping, the anti-plane problem of two asymmetrical edge
cracks emanating from an elliptical hole in an inﬁnite piezoelectric
solid is investigated. This work is focused on the study of explicit
and exact solutions in closed-form of the ﬁeld intensity factors
and the energy release rate. Under limiting conditions, the present
results can be degenerated into the pervious results, e.g., the Grif-
ﬁth crack, two symmetrical edge cracks and a single edge crack
emanating from a circular hole. And the results also provide new
exact solutions for some complicated defects including two sym-
metrical edge cracks and a single crack originating from an ellipti-
cal hole, two asymmetrical edge cracks originating from a circular
hole, T-shaped crack, cross-shaped crack, and semi-inﬁnite plane
with an edge crack. Moreover, the stress intensity factors of some
special cases obtained in this work are shown to be in good agree-
ment with the classical results, e.g., a single edge crack emanating
from an elliptical hole, two symmetrical edge cracks emanating
from a circular hole, semi-inﬁnite plane with an edge crack.
Numerical calculations are carried out for the effects of the hole-
size and the crack length on the ﬁeld intensity factors and the en-
ergy release rate under different loading conditions. In summary,
the following conclusions can be drawn:
(1) Both the ﬁeld intensity factors and the energy release rate of
two asymmetrical edge cracks emanating from an elliptical
hole or circular hole, and asymmetrical cross-shaped crack
increase as the right crack length becomes longer. In addi-
tion, the ﬁeld intensity factors and the energy release rate
of these complicated defects decrease as the left crack length
becomes smaller, and reach a minimum for the cases of a
single crack emanating from an elliptical hole or circular
hole, and T-shaped crack, respectively.
(2) Energy release rate of two asymmetrical edge cracks ema-
nating from a circular hole (Fig. 11) is smaller than that of
two asymmetrical edge cracks emanating from an elliptical
hole (Fig. 5), but larger than that for the case of asymmetri-
cal cross-shaped crack (Fig. 16).
(3) Mechanical loading always promotes crack growth. Besides,
for a given mechanical load, the negative electric ﬁeld
always retards crack growth, while the positive electric ﬁeld
can either promote or retard crack propagation, which is
dependent on both the strengths of the applied electric ﬁeld
and the level of the mechanical load.
Fig. 19. Conformal mapping from the outside region of the elliptical hole and cracks to the interior of a unit circle.
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Appendix A. Technique of conformal mapping
The conformal mapping from the outside region of the elliptical
hole and cracks to the interior of a unit circle is developed by fol-
lowing steps (shown as Fig. 19.):
r z = R(z1 +m/z1), where R = (a + b)/2, m = (a  b)/(a + b), RP 0,
0 6m 6 1 and li ¼ Li  bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2i þ 2aLi þ b2
q
 
=ðaþ bÞ ði ¼ 1;2Þ;
s z2 = (z1 + 1/z1)/2, where ei = (1 + li + 1/(1 + li))/2 (i = 1,2);
t z3 = (z2  (e1  e2)/2)/(e1 + e2)/2;u z4 = (z3 + 1)/(z3  1);
v z5 ¼ ﬃﬃﬃﬃz4p ;
w f = (z5  i)/(z5 + i).
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